This study aims at understanding the constitutive relation and critical condition for the shock compression of cellular solids. A 2D virtual foam is constructed from the cross-section of a closed-cell aluminium foam imaged by micro X-ray computed tomography, which enables the realistic consideration of mesoscale structural effect in numerical modelling. Quasi-static and shock compressions of the 2D foam are simulated. A series of Hugoniot relations between shock speed (and other mechanical quantities) and impact speed are determined from the FE simulations. It is found that the shock speed increases approximately linearly with impact speed, similar to that observed for condensed solids, but the related material constants for cellular solids have different physical implications, whereas the shock strain, stress and energy increase with impact speed nonlinearly, due to shock-enhanced cell compaction and cell-wall deformation. Based on conservation laws in continuum mechanics, other Hugoniot relations are derived from the basic linear one, which agree well with those obtained from FE simulations. It is thus demonstrated that the unique linear Hugoniot relation can be used to characterise the shock constitutive behaviour which is distinct from the quasi-static one. Furthermore, a new analytical method based on the linear Hugoniot relation is proposed to estimate the critical impact speed for shock initiation, which has reasonable agreement with the present FE simulation and previous experimental and numerical results, and outperforms the existing methods.
Introduction
energy absorption but not benefit structural protection. Therefore, 10 it is important to understand the shock behaviour of cellular solids. shock behaviour. Therefore, it is necessary to apply more realistic 25 cellular solid in modelling. 26 "Shock", as one of the deformation modes of cellular solids, 27 is used here as a term for the propagation of the planar inter-28 face (i.e. shock front) separating the crushed and uncrushed cells 29 in dynamic compression, which has similar feature to shock wave 30 propagation in a condensed solid ( Davison, 2008; Meyers, 1994;  31 Wang, 2007 ) . To demonstrate the "shock" feature of the shock Zheng et al., 2014 ) , in contrast to the shock deformation mode. The 104 critical condition for shock initiation is of fundamental importance 105 and practical interest. However, it still lacks a recognised analytical 106 method to determine this critical impact speed, and there is con-107 fusion about the factors that influence the critical impact speed 108 . 109 The objective of this study is to clarify above outstanding is-110 sues. A combined image-based modelling and continuum-based 111 theory were applied. A 2D virtual foam was created from the com-112 puted tomography (CT) image of a cross-section of a closed-cell 113 aluminium Alporas foam sample and a finite element (FE) model 114 with the same meso-scale complexity of the real foam was devel-115 oped for compression simulations. First, the quasi-static compres-116 sion of the 2D foam was simulated for comparison purpose. Then, 117 the shock compression was simulated at different impact speeds 118 to obtain the complete Hugoniot relations (e.g. the dependences of 119 shock speed and material states on impact speed, and the stress-120 strain relation) and to define the shock constitutive relation. Fur-121 thermore, a new analytical method based on the basic Hugoniot 122 relation (shock speed vs. impact speed) is proposed to estimate the 123 critical impact speed for shock initiation. jections over 360 degrees were used. The X-ray radiographs were 136 reconstructed using Nikon Metris CT-Pro software into CT images. 137 A greyscale-based segmentation method was then used to extract 138 the cell structure of the foam, which adopted a threshold of grey 139 values to ensure the separation of all the solid parts from the sur-140 rounding air.
141
It is clearly seen from Fig. 1 Gibson, 1998b Gibson, , 1998c ). However, due to the difficulty to 152 control the variation of the structural imperfection in the selected 153 sample, the influence of structural imperfection will not be the fo-154 cus of this study.
155
To take account of realistic geometrical features, continuum el-156 ements have to be used in a finite element model (FEM), which 157 dramatically increases the computational expense and may also 158 cause numerical problems due to element distortion. The 3D FE 159 modelling of the compressive behaviour of Alporas foam has been 160 attempted by the same authors ( Sun et al., 2016b cell-wall thickness, the cell shape also exhibits a wide variety (see ( Simone and Gibson, 1998a ) , was adopted in a rate-independent 205 perfect plasticity material model. The elastic modulus, Poisson's ra-206 tio and density were taken to be 68 GPa, 0.33 and 2710 kg/m 3 , re-207 spectively.
208
The loading was applied across the two ends of the 2D foam 209 sample by two rigid platens (not shown in Fig. 2 ). During load-210 ing, the top platen moved downward with a constant speed (var-211 ied in different loading cases and denoted as V i ), while the bot-212 tom platen was fixed to support the sample. Frictionless contact 213 was considered between the platens and cell walls, as well as be-214 tween the cell walls themselves. No direct constraints were applied 215 to the foam. Under such loading, the foam was subjected to uniax-216 ial compression macroscopically. In order to visualise and quantify 217 the heterogeneity of the deformation, we used a "particle" array 218 approach as illustrated in Fig. 2 where a vertical line of 79 "par-219 ticles" was used to represent the average motion of 79 equally 220 spaced cross-sections through the foam (excluding the two end 221 surfaces), which is similar to the method proposed by Zou et al. 222 (2009) .
223
The nominal (engineering) compressive stresses measured at 224 the two sample ends are obtained as the reaction forces at the cor-225 responding rigid platens divided by the original width of the sam-226 ple. The nominal (engineering) compressive strain is defined as the 227 ratio of the vertical displacement of the loading platen to the orig-228 inal sample height. The shock strain for the crushed zone behind 229 shock front is defined over the original height of the shocked cells, 230 of which the determination method will be elaborated later when 231 presenting the relevant numerical results.
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Fig. 2.
The 2D foam after meshing and the representation of 1D "particle" array for the uniaxial compression. Each "particle" i is located at the same Y coordinate as that of the corresponding transverse cross-section i of the undeformed 2D foam and the "particle" motion represents the average of the FE nodal motion of the cross-section. 
Shock compressive stress and deformation

251
With the increasing of the loading speed the inertia effect be-252 comes important, which can lead to a significant imbalance be-253 tween the reaction forces at the impact and support ends. Fig. 4 254 shows the comparison between the quasi-static and dynamic com-255 pressive stress-strain curves. At a moderate impact speed (e.g. V i = 256 18 m / s ), the nominal stresses at the impact and support ends are 257 close and the dynamic stress-strain curve is similar to the quasi-258 static one, suggesting that the inertia effect is insignificant in this 259 case. By contrast, when the impact speed further increases (e.g. 260 V i = 90 m / s ), the stress magnitude at the impact end becomes sig-261 nificantly larger than both the supporting stress and the quasi-262 static stress, indicating that in such a loading case the global nomi-263 nal stress-strain relation cannot describe the constitutive compres-264 sive behaviour. It should be also noted that a severe stress fluc-265 tuation is observed at the high speed impact, which partly results 266 from the contact interaction and the numerical solution algorithm 267 (Abaqus/Explicit) used in the FE simulation, as discussed in Refs. 268 To obtain the shock speed V s , the variations of the position 321 of shock front with the time are measured for different impact 322 speeds, as shown in Fig. 7 Liao et al., 2013 ) . The variation of shock speed with impact speed 327 is shown in Fig. 7 
332
As the cell crushing of the 2D foam under shock compression 333 propagates in a similar manner to the 1D shock wave in a contin-334 uum medium, 1D conservation laws for a continuum solid can be 335 used to establish the governing equations for the shock compres-336 sion of the 2D foam. The conservation equations of mass, momen-337 tum and energy in a continuum solid wherein a 1D shock wave 338 propagates are ( Wang, 2007 ) 339
where V , ε, σ and U are material velocity, engineering strain, en-342 gineering stress and internal energy density, respectively; ρ 0 is the 343 initial density; the subscript s, a and b denotes the shock front, 344 the material ahead of the shock front and the material behind the 345 shock front, respectively. Note that in the above equations it is as-346 sumed that the 2D foam has been homogenised. In addition, as 347 the cell-wall material is assumed to be rate-independent and have 348 no other irreversible processes (e.g. heating and friction) involved 349 except plastic dissipation in the modelling, the internal energy is 350 equal to strain energy in this case. but the stress σ a still has to be determined since negligible defor-357 mation does not necessarily lead to negligible stress (see Fig. 4 ) . 358 For the material behind the shock front, the only approximation 359 can be made is that V b ≈ V i (see The estimated strain behind the shock front based on 365 Eqs. (1) and (2) is 366
The material state behind the shock front also can be directly 367 is determined by (
H a ≈ h a due to the negligible deformation ahead of the shock front, The shock stress (i.e. stress behind the shock front) can be ap-396 proximated as
where the approximations that V a ≈ 0 m / s , V b ≈ V i and σ a ≈ 398 σ qs c ( σ qs c = 0 . 5 MPa , the quasi-static collapse stress) are adopted. 399 The approximation of σ a ≈ σ qs c is acceptable as verified by the 400 shock supporting stress and quasi-static stress shown in Fig. 4 , al-401 though the averaged σ a appears slightly smaller than σ Using Eqs. (5) and (6) , the strain energy density of the material 424 behind the shock front can be expressed in terms of impact speed, 425 i.e.
The prediction from Eq. (7) also compares well with the FE re-427 sult, as shown in Fig. 10 . Furthermore, it is seen that the energy 428 absorption is significantly enhanced at high speed impact. How-429 ever, such enhancement is not due to the intrinsic rate depen-430 dence of foams as suggested by Radford et al. (2005) , since in 431 the FE model a rate-independent perfect plasticity material model 432 was adopted. A check on the internal energy calculated by Abaqus 433 confirms that the plastic dissipation is dominant and the artificial 434 viscosity in explicit FE simulations 435 is negligible. This indicates that the enhanced energy absorption 436 capacity results from the increased cell compaction under shock 437 compression which produces more plastic hinges in the cell walls 438 with increasing impact speed, as shown in Fig. 5 . ). This fundamental difference suggests that it is not really 461 appropriate to use a quasi-static stress-strain relation to deter-462 mine the shock state quantities as done in many previous stud-463 ies. This needs to be realised and addressed as the quasi-static 464 stress-strain relation is still widely used in shock analysis, e.g. 465 Refs. ( Karagiozova and Alves, 2014; Zheng et al., 2016 ) . On the 466 other hand, it should be noted that the shock stress-strain rela-467 tion applies to different impact speeds as long as shock is ini-468 tiated, in contrast to the strain-rate effects at intermediate load- 469 ing speeds which change the stress-strain curve at different strain-470 rates ( Zheng et al., 2014 ) . 471 One may suggest that the σ b − ε b Hugoniot relation can serve 472 as a unique dynamic "constitutive stress-strain relation", as done 473 by Zheng et al. (2014) . In such a treatment, other Hugoniot re-474 lations, including the V s − V i one, can be derived from this dy-475 namic stress-strain relation in conjunction with the conservation 476 laws, see for example the derivation presented in Appendix. How-477 ever, we notice that to describe this dynamic relation an empiri-478 cal nonlinear equation is usually needed, the form of which may 479 not be unique to achieve a satisfactory data fitting. In the recent 480 FE study by Zheng et al. (2014) an empirical equation ( Eq. 14 in 481 ( Zheng et al., 2014 ) ) having similar strain terms to Eq. (8) is pro-482 posed to describe the stress-strain states for 3D Voronoi foam un-483 der shock compression. It appears that the function selection in 484 Zheng et al. (2014) for stress-strain relation is not unique. In con-485 trast, as long as a unique linear V s − V i relation exists, the form 486 of the stress-strain relation is naturally determined, which seems 487 more logic and reduces uncertainties. Therefore, we recommend 488 the establishment of the "constitutive relation" through measuring 489 Please ( Barnes et al., 2014 ) . 491 In addition, from Eq. (8) the stress wave speed can be derived 492 as follows
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Accordingly, the derivative of the stress wave speed is obtained
which is constantly greater than zero. This implies that the stress 496 wave speed increases with the increase of strain, which satisfies 497 the requirement of the formation of shock wave in a material ex-498 hibiting nonlinear stress-strain relation ( Wang, 2007 ) . Therefore, 
Critical impact speed for shock initiation
543
It is important to know the critical impact speed for shock ini- (R-LHP-L) constitutive model is assumed, the critical impact speed 548 is given by Zheng et al., 2012 ) 549
where E h is the hardening modulus, ε d is the densification strain 550 and σ 0 is the initial density of the cellular material. However, when 551 a rigid, perfectly plastic, locking (R-PP-L) constitutive model is as-552 sumed, shock will be initiated at any impact speed larger than zero 553 . This unreasonable conclusion is corrected by 554 considering the elastic precursor wave is based on the so-called kinematic existence condition for contin-568 uing "steady-shock" and the prediction agrees with their experi-569 mental results, Wang et al. (2013) proved that the theoretical basis 570 of this kinematic existence condition is incorrect and the mistake 571 is caused by the confusion in basic concept between the "energy 572 conservation in an isolate system" and the "energy conservation 573 across a shock wave".
574
The further improvement of the prediction using a similar ap-575 proach to that described above may be made by considering a 576 more realistic "constitutive stress-strain relation", such as a non-577 linear one. For instance, Zheng et al. (2013) adopted a power law, 578
i.e. σ = σ 0 + K ε n where σ 0 is the yield stress, K is the strength 579 index and n is the strain-hardening index, to describe the quasi-580 static stress-strain relation, and then gave the following equation 581 to predict the critical impact speed
The common problem of above methods for the determina-583 tion of critical impact speed is that they are based on quasi-static 584 stress-strain relation, which is actually different from that under 585 shock compression. Experimental 
Conclusions
637
Based on a cross-sectional geometry obtained from X-ray CT 
